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Antiperiodic dynamical 6-vertex and periodic 8-vertex models I: 
Complete spectrum by SOV and matrix elements of the identity on separate states 



G. Niccoliil 



Abstract The spin- 1/2 highest weight representations of the dynamical 6-vertex and the standard 8-vertex Yang-Baxter 
algebra on a finite lattice are considered in this paper The integrable quantum models associated to the corresponding 
transfer matrices under antiperiodic boundary conditions for the dynamical 6-vertex and periodic boundary conditions for 
the 8-vertex case are analyzed by adapting to them Sklyanin's quantum separation of variables (SOV). For these boundary 
conditions, gauge transformations are defined which allows to use the antiperiodic dynamical 6-vertex transfer matrix 
as a tool to solve the spectral problem for the periodic 8-vertex transfer matrix. Here, we explicitly construct the SOV 
representations from the original space of the representations and provide the complete characterization of the eigenvalues 
and the eigenstates proving also the simplicity of both the transfer matrix spectra. Moreover, for the antiperiodic dynamical 
6-vertex model, the matrix elements of the identity on separated states are computed and characterized by determinant 
formulae of matrices whose elements are given by sums over the SOV spectrum of the product of the coefficients of the 
separate states. The results here presented define the required setup to extend to both the dynamical 6-vertex and 8-vertex 
models an approach recently developed in |T|-f5l to compute the form factors of the local operators in the SOV framework, 
these results will be presented in a future publication. Finally, let us point out that our SOV analysis is done without any 
need to be reduced to the case of chains with an even number of quantum sites or to fix the coupling constant values to the 
so-called elliptic roots of unit. 



' YITP, Stony Brook University, New York 11794-3840, USA, niccoli@max2.physics.sunysb.edu 



1 



Contents 



1 Introduction 

2 The dynamical 6- vertex models: spectrum and elementary matrix elements 

2.1 The dynamical 6-vertex models 

2.1.1 Representation spaces of dynamical and spin operators 

2.1.2 Representations of the dynamical 6-vertex models 

2.1.3 Quantum determinant 

2.1.4 Antiperiodic dynamical 6-vertex representations 

2.1.5 Invariant subspace under antiperiodic 6VD-generators 

2.2 SOV-representations for T*^^^"^^ -spectral problem 

2.2.1 SOV-representations 

2.2.2 SOV-decomposition of the identity 

2.3 SOV characterization of T^^^"^^ -spectrum 

2.4 Action of left separate states on right separate states 

2.5 Decomposition of the identity in left and right separate basis 

3 The 8-vertex model: spectrum and elementary matrix elements 

3.1 QISM formulation of the 8-vertex model 

3.2 Gauge transformation from 8-vertex to dynamical 6-vertex models . . . . 

3.3 Reduction to pure spin quantum space 

3.4 8-vertex transfer matrix spectrum 

4 Conclusion 



References 



1 Introduction 



In this paper we analyze two classes of lattice integrable quantum models characterized in the quantum inverse 
scattering method (QISM) f6l-|[T9l by monodromy matrices which are solutions of the dynamical Yang-Baxter 
equation w.r.t. the 6-vertex dynamical R-matrix and of the (standard) Yang-Baxter equation w.r.t. the 8-vertex R- 
matrix, respectively. The representation theory of the dynamical 6-vertex Yang-Baxter algebra was introduced by 
Felder in ll20l by the so-called theory of the elliptic quantum groups, see also |[2T1 . There, it was recognized that the 
known Boltzmann weights defining the SOS (solid on solid) statistical models ll22l when opportunely reorganized in 
a 4 X 4 matrix define the R-matrix solution of the dynamical 6-vertex Yang-Baxter algebra. The prototypical elements 
in these classes of integrable quantum models are constructed by defining representations of the corresponding 
monodromy matrices on lattices of 2-dimensional representations (spin- 1/2 quantum chains). Under homogeneous 
limits these representations define in the dynamical 6-vertex case the SOS model 1221 . Il23l - ll26]| while in the 8-vertex 
case the spin-1/2 XYZ quantum chain Il27l - ll35l . It is worth recalling that the monodromy matrices of these models 
are related by the so-called gauge transformations and the corresponding spectral problems under periodic boundary 
conditions have been analyzed by Bethe ansatz and Q-operator technique^. Historically 1231 l22l l24l . Baxter has 
introduced these gauge transformations in order to be able to use Bethe ansatz techniques to analyzed the spectral 
problem (eigenvalues & eigenstates) of the 8-vertex transfer matrix reducing it to one of 6-vertex type. The use of 
gauge transformations allows in particular to overcome the problem of the absence of reference states opening the 
possibility to analyze the 8-vertex spectral problem by using the algebraic Bethe ansatz (ABA) |j6|-||7|, as pioneered 
by Takhtajan and Faddeev in [8] while ABA analysis for the SOS model with periodic boundary conditions has 
been developed in [25|. However, it is worth remarking that the analysis by Bethe ansatz methods of the spectrum 
of these models leads to the introduction of two constrains a part the general problem related to the proof of the 
completeness of the spectrum descriptioiJH The first constrain is on the number of sites of the quantum chains which 
has to be even. This is required to obtain the commutativity of the dynamical 6-vertex transfer matrix which holds 
only for the reduction to the total spin zero-eigenspace under periodic boundary conditions. The second constrain 
is on the allowed values of the coupling constant -q of the 8-vertex transfer matrix which has to be restricted to the 
so-called cyclic values or elliptic roots of unit (i.e. when rj belongs to an integer square lattice with steps the periods 
of the theta functions). This is required in order to construct 8-vertex transfer matrix eigenstates by finite sums of the 
dynamical 6-vertex ones. In addition to the previously described constrains in the algebraic Bethe ansatz framework 
the lack of a scalar product analogue to the Slavnov's formula B4l l45l l46l is the first fundamental missing step 
toward the computation of the matrix elements of local operators. 

It is then clear the need to overcome these problems in order to compute correlation functions of the XYZ spin-1/2 
quantum chain. In the present paper we implement a modified version of Sklyanin's quantum separation of variables 
(SOV) pTl-pQ). In particular, we derive the complete characterizations of the spectrum for both the antiperiodicQ 
dynamical 6-vertex and the periodic 8-vertex transfer matrices and we compute the matrix elements of the identity for 
general separate stated which apply in particular for the eigenstates of the dynamical antiperiodic 6-vertex transfer 
matrix. Let us comment that the existing results |[5T1 1521 for the antiperiodic dynamical 6-vertex model are mainly 
restricted to the construction of the functional separation of variables of Sklyanin. In this functional version an SOV 
representation of the dynamical 6-vertex Yang-Baxter algebra is defined on a space of symmetric functions leading 
only to the description of the wave functions of the transfer matrix eigenstates. In fact, the explicit construction 

^For the Q-operator construction see I22II36I and also the series of papers f37l - l42l . 

^In fact, for the periodic 8-vertex transfer matrices the completeness of the spectrum description is verified only by some numerical 
analysis 1431 . 

''This quantum integrable model has been introduced in 1501 . 
'See Section l2!4l for the definition. 
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of the SOV representation as well as of the transfer matrix eigenstates in the original representation space of the 
quantum chain are missing. 

The results derived in the present paper represent the first fundamental step in an approach to solve integrable 
quantum models which can be considered as the generalization to the SOV framework of the Lyon group method 
ESI, |[53^ - |[68ll . The use of SOV is a strength point of our approach as it works for a large class of integrable quantum 
models, under simple conditions it leads to the complete construction of both the eigenvalues and the eigenstates of 
the transfer matrix and the simplicity of the spectrum can be easily shown in this framework. Moreover, the analysis 
developed in the present paper and that implemented previously in |[ll-|0 suggest that this approach can lead to 
an universal representation of both the spectrum and the dynamics of a class of integrable quantum models which 
were not entirely solvable with other method^ Indeed, this is the case for all the key integrable quantum models 
analyzed so far in |[Tl-||5l. More in detail, in |3| and [4J, the XXZ spin 1/2 quantum chairlll |[27l - ll35] and the higher 
spin-s XXX quantum chaiij^ both under antiperiodic boundary conditions, have been characterized and the form 
factors of the local spin operators have been represented in a determinant form. Similar results for the form factors 
have been obtained previously by this approach in HI |2l for the lattice quantum sine-Gordon model Q 113, the 
chiral Potts model If77l - ll88l and the r2-model [W]. These results are obtained by using as background the complete 
SOV spectrum characterization constructed in |90|-[92| for the lattice quantum sine-Gordon model and ir|^ |97 | for 
the general cyclic representations of the 6-vertex Yang-Baxter algebra corresponding to the T2-model and the chiral 
Potts model. Moreover, in Q the SOV setup has been implemented and the matrix elements of some interesting 
quasi-local string of local operators have been computed for the integrable quantum model associated to the spin- 1/2 
representations of the reflection algebra ll98l - ll 10511 . under quite general non-diagonal boundary conditions. In all 
these models the matrix elements of local operators on separate states are characterized by determinant formulae 
written as simple modifications of those of the identity. The main differences in all these formulae are only due to 
model dependent features, like the nature of the spectrum of the quantum separate variables and the form of the SOV 
reconstruction of local operators. Let us comment that in the literature there exist previous results on matrix elements 
of local operators which even if developed by different approaches made use of quantum separation of variables. The 
results in Smirnov's paper HI 061 are of special interest; there, for the quantum integrable Toda chain f47], the form 
factors of a conjectureq^ basis of local operators are derived in Sklyanin's SOV framework by determinant formulae 
which confirm the universal picture outlined. It is also worth pointing out that the form factor^ of the restricted 
sine-Gordon model at the reflectionless points in the S-matrix formulatioiJ^ [ TTSllI 191 admit once again determinant 
representations and the connection with SOV is established on the basis of the semi-classical analysis of II118II . used 
there also as a tool to overcome the proble of the local field identification. 



*Like the algebraic Bethe ansatz, the coordinate Bethe ansatz 1281 , 1691 and 1701 . the Baxter Q-operator method |69| and the analytic 
Bethe ansatz ItTI-ItII. 

^Let us comment that previous results on this model with antiperiodic boundary conditions were mainly given by the Q-operator construc- 
tion 1731 and the functional separation of variables 14811741 . 

^Instead in the periodic chain matrix elements of local operators were compute in the ABA framework in I75II76I . 

'See I93I - I96I for a first analysis by SOV method of the r2-model and some results on form factors in the restricted case of the generalized 
Ising model. 

'"There this conjecture is required by the absence of a direct SOV reconstruction of local operators. Later a reconstruction has been given 
in 11071 w.r.t. a new set of quantum separate variables defined by a change of variables on the original Sklyanin's ones. 

"Form factors which have been rederived in L108J also by exploiting previous results established in the series of papers I109I - I112I for the 
infinite volume limit of the XXZ spin 1/2 chain. 

'^See 1113 1-11171 and references therein. 

'^This is a longstanding problem in the S-matrix formulation which has been so far addressed by exploiting the description I120I - I123I 
of massive IQFTs as (superrenormalizable) perturbations of conformal field theories I124I - I128I by relevant local fields. Several results are 
known which allows to classify the local fields of massive theories (i.e. the solutions to the form factor equations I129I - I144I ') in terms of 
those of the ultraviolet conformal field theories, see for example U45I - I148I and the series of works I149I - I153I . 
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2 The dynamical 6- vertex models: spectrum and elementary matrix elements 



2.1 The dynamical 6- vertex models 

In the following, we introduce an operator r whose eigenvalues on the space of the representation coincide with 
the dynamical parameter t. The aim is to recover a separate description for the dynamical parameter which will be 
particularly useful in the SOV description of the dynamical 6-vertex antiperiodic spectral problem. 

2.1.1 Representation spaces of dynamical and spin operators 

Let us introduce a couple of dynamical operators r and which satisfy the following commutation relations: 

T±r=(r±??)T±, (2.1) 

and N copies of (local spin) sl{2) generators and let us impose the following commutation relations: 

[Sn, St^J = [Sn, r] = K,Tt] = Vn, m e {1, N} and a,b = x, y, z. (2.2) 

Then the space of the representation of these dynamical and spin operators can be chosen as it follows: 

I!'(6VD),N =^N^ C^^<^0 Cl , (2.3) 

N 

where Bn is the space of the representation of the dynamical operators which is infinite dimensional in our defi- 
nitio Here, we have chosen for all the sl{2) generators the spin- 1/2 representation; i.e. a 2-dimensional local 
quantum space is associated to any site of the chain and the local spin generators are represented by the 2 x 2 
Pauh matrices o"^. 

Moreover, we introduce the following definition of left (covectors) and right (vectors) r-eigenbasis of Bj^ and B^, 
respectively: 

(t(a)l = {t{0)\J^, \t{a)) = J-y{0)), Va G Z, (2.4) 

with: 

{t{a)\T = t{a){t{a)\, T\t{a)) = t{a)\t{a)) , t{a) = -^a Va G Z, (2.5) 

where we fix: 

{t{a)\t{b)) = 5a,b ya,beZ. 
Moreover, defined the following left and right spin basis: 

{n,hn\a^ = {l-2hn){n,hn\, fT^|n, = (1 - 2/i„)|n, /i„ G {0, 1}, (2.6) 

with 

{n,hn\n,h'J = 5h„,h'„, 

in each local quantum spin chain of the representation, we can introduce the left and right dynamical-spin basis in 
^f6VD),N and ^fwD),N' respectively: 

<^n=i{n,K\^{tia)l 0^^^\n,hn)®\t{a)), (2.7) 

'''Note that in the root of unit case, we can define also a cyclic representation for the operator r. This point in the present formalism will 
be described elsewhere anyhow for the antiperiodic chain this cyclicity condition does not play a fundamental role as it was in the periodic 
case for the application of algebraic Bethe ansatz to the 8-vertex model. 
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composed of common eigenstates of the commuting operators r and a^. A scalar product is introduced in the space 
'^(6VD) N defining its action on the elements of the dynamical-spin basis: 

N 

{(S)^=i\n,hn) » \t{a)),0^^^\n,h'^) \t{a'))) = 5a,a' J{ K,,h'„, (2.8) 

n=l 

Note that we have defined the representation in a way that the spectrum (eigenvalues) of the operator r contains that 
of —rjSIl where: 

N 

n=l 

is the total z-component of the spin; the reason for that will be clear in the following. 

2,1,2 Representations of the dynamical 6-vertex models 

Let us define the elliptic dynamical 6-vertex R-matriJ^: 

/ a(A) \ 



6(A|r) c(A|r) 
c{\\-t) h{\\-T) 
\ a(A) / 



(2.10) 



where a(A), 6(A|r) and c(A|r) are defined by: 
where we have used the notation: 

e{\) = ei{X\2u:), (2.12) 

where 9i{\\2ui) is the standard theta-1 elliptic function of modular parameter 2ijj. Then, the R-matrix R^^'^^\\\t) 
is solution of the following dynamical Yang-Baxter equation: 

RfP{X,,\r+r^al)Rf:^\x,\r)R^:^\x,\^^^^^^ (2.13) 

where A12 = Ai — A2. It is possible to introduce the following dynamical 6-vertex monodromy matrix: 

which is a solution of the same type of dynamical Yang-Baxter equation: 

4r^(Ai2|r+,S)Mr"^(Ai|r)Mr"^(A2|r+,af) = Mf '^)(A2|r)Mr"^(Ai|r+wl)Mr^(Ai2|r), (2.15) 
where S is the total z-component of the spin defined in ( 12.91 ). 



'^The presentation of our results will be done directly in this elliptic case, however, it is interesting to remark that also the trigonometric 
case corresponding to the following choice of dynamical R-matrix: 

..^ • . M , ^ ^ sinhAsinh(r + ry) sirih 77 sinh(r + A) 
a(A) = smh(A + ,), 6(Alr) = , c(A|r) = -j- , 

can be similarly described in our approach. 
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Moreover, it is worth remarking that the following commutation relations hold: 



[A(A|T),r] = [B{X\t),t] = [C(A|T),r] = [D(A|r),r] = 0, (2.16) 

and 

[A(A|r), S] = [D(A|r), S] = 0, [C(A|t), S] = -2C(AIr), [B(A|r), S] = 2B(A|r). (2.17) 
Note that defined: 

we can rewrite the dynamical Yang-Baxter equations in the following form: 

(2.19) 

Let us remark that while the dynamical 6-vertex generators B(A[r) and C(A|r) are nilpotent operators of order 
N + 1, for a chain of size N, the generators A(A|r) and D(A|r) are not nilpotent operators. So, from the form of the 
dynamical 6-vertex Yang-Baxter commutation relations, it is clear that the set spanned by the dynamical parameter 
t (the eigenvalues of r) is always an infinite lattice of step t]. 

Let us point out that we can also define the following monodromy matrix: 

= A^r^'^CAk) = Mj,'^°)(A|r) T^«, (2.20) 



note that the ^(A|r) (X = A, B,C and V) are operator functions of r and but for simplicity we omit the expUcit 
dependence from in their arguments. For them the dynamical Yang-Baxter equation reads: 

4^r(Ai2|r + ryS)A^r'^(Ai|r) M^^^^Hx^lr) = ^^^"^(A^lr) A^r'^(Ai|r) R^^P{Xu\r), (2.21) 

where we have used that: 

Tr^Tr^^ RfP{X^2\T)rr^Jr^ =RfPiXi,\T). (2.22) 



A{X\t) BiX\T) 
C{X\t) V{X\t) 



2.1.3 Quantum determinant 

A fundamental object to define in the dynamical 6-vertex Yang-Baxter algebra is the so-called quantum determi- 
nant. In particular, it plays a fundamental role in the construction of the quantum separation of variables for these 
algebra as we will explain in the following. 

Proposition 2.1. In the dynamical 6-vertex Yang-Baxter algebra, we can introduce the following central quantum 
determinant: 

det M(A) ^ ^^^^^ (A(A|r)D(A - r?|r + r?) - B(A|r)C(A - 7?|r - ,?)) (2.23) 

= ^^\^f^ (D(A|r)A(A - r?|r - r?) - C(A|r)B(A - r?|r + ^)) (2.24) 
= a(A)d(A - r]), (2.25) 



'^See Ill54i and the historical note 11551 for a first proof of the centrality of the quantum determinant in the Yang-Baxter algebra. 
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where: 

N 



A(A) = J]a(A-en), D{X) = A{X-r]). (2.26) 



n=l 

Moreover, the following inversion formula holds: 



m(6VD).,, J D(A-7?|r + 7?) -B(A-r?|T + 7?) \ g(r + 7?S)/g(T) _ / 1 0\ 
^0 i^l^M _c(A-ry|r-r?) A(A - ,?|r - r?) I detevD M(A) "io ij' ^^"^'^ 







Proof. The proof follows by proving the statement for the generic quantum site n and then showing that the product 
of the local quantum determinants reproduce the complete one. Let us introduce the notation: 

det4r)(Air) = (4ro, (Mr) (^r^. - + ^) 

-{Rr')jMr){Rr')j>^-ri\r-v), (2-28) 

and 

n 



a=l 



Then it is a simple exercise to verify the identity: 

det <r^(A|r + riSn-i) = a(A - ^n)a{X - - '^vf^T^z^^V ^ (2.30) 
once we use the formulJ^: 

e^{x + y)e^{x - y)el{o) = el{x)eliy) - el{x)el{y) = el{x)el{y) - elix)el{y). (2.31) 

Now, by taking the product: 

N 



a(A)d(A - ,7) = J] a(A - e„)a(A - - 2??) 



n=l 
N 

n 

n=l 



{T + rjSn) , . „(6VD)., I , c X 

deti?^_„ '(A|r + ??S„_i) 



e{T + r]Sn-i) 



(:L±^ det (A|t + r?SN-i) • • • det ^^^^^ (A|r + 7?Si) det i?^',^'') (A|t) 



= detM(A). (2.32) 

6VD 

Finally, the inversion formula (|2.27|) follows from the quantum determinant formulae and from the identities: 

A(A|r)B(A-r?|r + ?7) - B(A|r)A(A-?7|r-r?) = 0, (2.33) 
D(A|r)C(A-r?|r-r?)-C(A|r)D(A-?7|r + ry) = 0, (2.34) 

which directly follows from the dynamical Yang-Baxter equations (|2.15|) . □ 



'See for example equation 7 at page 881 of 11561 . 
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2.1.4 Antiperiodic dynamical 6- vertex representations 



As we will show in the paper it is of particular interest to introduce an antiperiodic version of the dynamical 6-vertex 
model by introducing the following monodromy matrix: 

M^r\^i\r) ^ <r'^Mr\Xi\r) (2-35) 
then the dynamical Yang-Baxter equation reads: 

(2.36) 

being: 

af alRfP{X\y) = r'^^^ {X\ - y)af af . (2.37) 
It is worth also to define the following monodromy matrix: 

>i(^^^)(A|r)^M(^^^)(A|r)T?«, (2.38) 

for it the dynamical Yang-Baxter equation reads: 

4r(Ai2| - r - rjS)Mr\x,\r) Mr\x,\r) = MThx^lr) Mr\x,\r) Rf^iXulr). (2.39) 



2.1.5 Invariant subspace under antiperiodic 6VD-generators 

Let us define the operator: 

= ??S + 2r, (2.40) 

in B(6VD),N then we denote with B(6vd),n the Sr-eigenspace corresponding to the eigenvalue zero; i.e. 1D)(6vd),n is 
the linear space defined by the condition that the eigenvalues of the commuting operators — 2t and rjS are coinciding. 
In terms of the dynamical-spin basis the linear (covector) space lO^^vD) n generated by the element© 

N 

(g)^=i (n, hn\ <E> {th\, where th = -|sh, Sh = ^(1 - 2hk) and h = {hi, hfi), (2.41) 

k=l 

and the linear (vector) space B^yp^ ^ is generated by the elements: 

(^^=i\n,hn)0\tb). (2.42) 
Note that lO^^J^) ^ are 2 '^-dimensional linear spaces where it holds: 

Theorem 2.1. On the linear spaces I^^gvp) ^ ore defined left/right finite dimensional representations of the opera- 
tors: 

A(Alr), D(AIr), B{X\t), C{X\t). (2.43) 
Moreover, the antiperiodic dynamical 6-vertex transfer matrix: 

7=('V^)(A|r) ^ tr^Mt''°\x\t) = B{X\t) + C{X\t), {lAA) 

defines a one parameter family of commuting operators on "^fj^y^-^ ^■ 



'*Note that we are using the simphfied notation t\y instead of t(sh). 
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Proof. To prove the first statement in the theorem we have to prove that the hnear spaces ©^(^-j ^ are invariant 
under the action of the operators: 

A(A|r), D(AIr), B{\\r), C{\\t). 



All what we need are the following commutation relations: 



[A(AIr),S] = 0, [A(A|T),r]=0, 

[A(A|r),S] = 0, [A(A|T),r] = 0, 

[^?(AIr),S] = 2B{\\t) [B{\\t),t\ = -^B{X\t), 

[C(A|t),S] = -2C(A|t), [C(A|r),r]=r?C(A|r), 



(2.45) 



(2.46) 
(2.47) 
(2.48) 
(2.49) 



from which it follows that: 



[A(A|t),S,] = [D(A|r),S,] = [S(A|t),S,] = [C(AIr),S,] = 0, 



(2.50) 



and then B^'^^ ^ are invariant under the action of these operators; then ©^(^^ ^ are invariant also w.r.t. the action 
of the transfer matrix T"*^^^^-* (A|r). Let us now take the trace of ( 12.391 ): 

r(^^")(Ai|r)r(^^°)(A,|r) = 



tri2 
tri2 

tri2 

tri2 



7^r°^(AiIr)ATr'^(A2|r) 



{RfPiX,2\ - r - ,S))"' ATf °)(A2lr) M^\x^\r) Rf^ iX^2\r) 



i?i:r'(Ai2|r) [RfP{Xi2\-r-vS)) M-'-(A2|r) Mr"^'(Ai|r + r?a|)T;^T? 
coincides with 
tri2 



RfPiX,2\ - r - ,S)y'Mr\X2\r) Mr^(A,|r + ,a|)T^^V^:^^<^)(A,,|r) 

(6VD) 



which in lD)f5VD),N 



,/6VD) , 
-1 (6VD), 



ir(6VD) , 



Mf''^\X2\r)Mr^\x,\r) 



T^''^^\x,\r)T^'''^\X2\r), 



i.e. the commutativity. 



(2.51) 



(2.52) 
□ 



2.2 SOV- representations for T^^^° -spectral problem 



2.2,1 SOV-representations 

Here, we will show as the standard method to define quantum separation of variable (SOV) representations in- 
troduced by Sklyanin 1 47l l48l |49 1 for the transfer matrix of 6- vertex Yang-Baxter algebra can be adapted for the 
dynamical case. In particular, SOV representations for the spectral problem of the antiperiodic T^^'^^\x\t) can 
be defined as representations where the commutative family of operators D(A|r) (or A(A|r)) is pseudo-diagonal 
and with simple spectrum in the (left/right) 2'^ -dimensional left/right spaces lB'£(!^^ m- Here, we mean that we can 



construct explicitly left/right basis of the spaces ^ 



.c/n 

(6VD),N 



(6VD),N- 

in terms of pseudo D(A|T)-eigenstate^. 



"what we mean for pseudo-eigenstates will be clarified in the following. 
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In order to make the construction of these basis some preparation is need; let us define the left and right references 



states 



(0| = (8)^=i(n,/i„ = O\0 {to\, [1) = ®^=i|n,/i„ = 1) 



N 



(2.53) 



where we are using the notations 0= {hi = 0, /in = 0) and 1= {hi = 1, /im = 1), so that to = — (?7N)/2 and 
ti = {rjH)/2 by the definiton (j2.4ip of th- Then, we can define the following sets of left and right states: 



•'-i4<«i.n(;f^) 



h„ 



and 



N 



\hi,...,h^) = -Yl 



1 TT fC{Cn - V\r) 



(l-hn) 



(2.54) 



(2.55) 



N V D(e. - r,) 

where /i„ G {0, 1}, n € {1, N}. Note that the normalization N has been introduced to simply the form of the 
coupling of the above left and right states. Let us define first the following theta functions with characteristic: 



n6Z 



1 J 



2 N 



2i7:wH I n-\ tt ] + 2i7rN nH f- A + — 



1 3 



2 N 



1 



2N 



N € N and j € {0, N — 1} which satisfies the periodicity conditions: 



(A + 1/N) = -e'^^^(i/^)^j (A) , (A + 2u;) = _e-2-*N(^+A)^^. _ 



Then we can fix: 



= CN 



(»int, (»)'""■■' ii> 



(h^O) 



(2.56) 



(2.57) 



(2.58) 



where cn is a normalization constant defined in (12.981) and 



e 



(h) 



is the N X N matrix of elements: 



Fiha) ^ Aha) , !? , _ 1 

2 2N N 



(2.59) 



a=l 



It is simple to verify that the states (12.541 ) and (12.551 ) are simultaneous (left/right) eigenstates of r and S = X^^^i o"^: 



(/ll, ...,/in|t = th (/il,---,/lN|, 
(/ll, /iN |S = Sh(/ll, /iN I, 



and: 



r|/ii, ...,/in) = ...,/in) ih, 

S|/ll, /in) = |/ll, /iN)Sh- 

Moreover, under the following condition on the N -tuple of inhomogeneities {^i, ^n} G C 

^„ / ^J'*") mod(2u') V/ib G {0, 1} and a < 6 G {1, N}, 
the following theorem holds: 



(2.60) 
(2.61) 



(2.62) 
(2.63) 



(2.64) 



^"Xhe left and right states of D^(,^j ^ with all spin up and down, respectively. 
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Theorem 2.2. I) Left SOV-representations Under the condition (|2.64p , the states (j2.54p define a basis of pseudo 
D{X\T)-eigenstates in IO^^vd) indeed it holds: 

{h,,...M\^{\\r) = d^{\) 1^1(01 n(^^|Jll-^)'"^ , (2.65) 

where: 

= §^§74^"^^)' ^"(^^ = n - ^^^)■ (2.66) 

The action of the remaining generators on the generic state {hi, | reads: 

a=l ^ b^a f^l?" ~ ?6 i 

where: 

(/ii,...,/in|T± = (/ii,...,/i„±1,...,/in|, (2.69) 
and A(A|t) is uniquely defined by the quantum determinant relation. 

II) Right SOV-representations Under the condition ()2.64p . the states ()2.55p define a basis of pseudo D(A|r)- 



eigenstates in IJ^gvD) N' i^^^^d it holds: 



where: 



^1 V D(e„ - 7?) 



r/je action of the remaining generators on the generic state /in) reads: 

a=l ^ fe^^a ''lU ~ ?fe J 

8(Air)i/.„ ...,/.„) =x:t^ i/.,.....'.N) ''"-;;/°'''> n ,fi;SV '^"'°''' 

a=l ^ fe^^a - J 

T^|/ii,...,/in) = \hi,...,ha ± 1,...,/in), (2.74) 
amf A(A|t) « uniquely defined by the quantum determinant relation. 
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Proof. The proof of the theorem is based on the dynamical Yang-Baxter commutation relations and on the fact that 
the left and right references states are D(A[r)-eigenstates: 



(0|A(A|t) = A(A)(0|, (01D(A|t) = D(A|to)(0|, (0|S(A|r) = 0, (0|C(A|t) ^ 0, 



(2.75) 



and similarly: 



where: 



D(A|t)|1> = |1>A(A), A(A|t)|1> = |l>D(A|t„), B(A|t)|1>=0, e(A|T)|l>^0, (2.76) 

Indeed, to prove that (|2.54p and ()2.55p are left and right pseudo-eigenstates of D(A|t) as stated in (|2.65p and (|2.70p . 
we have just to repeat the standard computations in algebraic Bethe ansatz fT4l as done in |3|. More in detail, 
considering the action of P(A[r) on the left states {hi, /in [ and following the steps given in the proof of Theorem 
3.2 of [3] by using here the dynamical 6-vertex commutation relation: 



c(/i|r)P(A|r) = [v{\\T)C{^i\T)e{\ - + rj)e{T) - v{^i\T)c{\\T)e{r,)e{T + 

1 



we get: 



^(A-M)0(r + 7?)' 



(/ii,...,/iN|P(A|r) = d^(A) 



n=l 



C{in\r) 



(2.78) 



(2.79) 



Similarly, by using the dynamical 6-vertex commutation relation: 

1 



P(A|r)C(/i|r) 



0(M-A)0(T + r?) 
e{r])e{T + ii-\)C{\\T)V{^i\T 



[0(/.-A + r?)^(r)C(/.|r)P(A|r) 



(2.80) 



we get: 

V{X\r)\hi,...M)= (^n(^|-^)''""' (T-|l)))dto. (2.81) 

From the formulae ([2:79|) and ([TST]) by using the commutation relations (f2J]) . D(A|r) = P(A|r)T+ and D(A|r + 
r/) = T+P(A|r) then the formulae (p:65|) and ([2:70]) simply follow. 

Let us prove now that the states {hi, /in | form a set of 2'^ independent states, i.e. a basis of B^y^^ similarly, 
we can prove that the states /in) form a basis of lO^^vD) N- definition we have to prove that their linear 

combination to zero: 

1 

Ch(/ii,...,/iN| =Q (2.82) 

h\,...,h^=0 

holds only if all the coefficients are zeros. Let us denote with h= {hi, /in} the generic N-tuple in {0, 1}'^ then 
by applying to both side of (j2.82p the operator product: 

N 

n ^(?" k) with kn = hn + l mod2 G {0, 1} (2.83) 

n=l 
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we get: 



n=l 



n=l 



(2.84) 



which impUes cj = being: 



n=l 



(2.85) 



The action of and C(ci^"V) on the left and right states ([2341) and (I235D follows by imposing the 

dynamical Yang-Baxter commutation relations and the quantum determinant relations: 

(/ii, ...,/in| det M(A) = A(A)D(A-r/)(/ii,...,/iNl, det M(A)|/ii, /in) = a(A)d(A - /in), (2.86) 

6VD 6VD 



where we have used that: 



e(r + r?S) 



-1, 



(2.87) 



{hu-,hMhi,...M) ^(*h) 
and in the quantum determinant detgvD M(A) we use the identities: 

^(A|r)P(A - r/|r) - ^(A|r)C(A - r/|r) = A(A|r)D(A - r/|r + r/) - B(A|r)C(A - r/|r - r?), (2.88) 

P(A|r)^(A - r/|r) - C{X\t)B{X - r/|r) = D(A|t)A(A - r/|r - r/) - C(A|r)B(A - r/|r + r?). (2.89) 



Finally, the left (IXF7l) - (p:Ug|) and right (p:72|) - (p775|) representations of B{X\t) and C(A|t) are just interpolation 
formulae of the values in the special points {(,[^^\ ■^ilf '^^} which holds for elliptic polynomials as illustrated for 
example in Appendix A of 111 5711 . □ 



2.2.2 SOV-decomposition of the identity 

The previous results allow to write the following spectral decomposition of the identity I: 

1 

1= ^ i_ih\hi, ...,hf^){hi, ...,hi^\, 

/ll,...,/lM=0 

in terms of the left and right SOV-basis. Here, 



{hi, /iN \hi, /im) ' 



(2.90) 



(2.91) 



is the analogous of the so-called Sklyanin's measure; which is discrete in these representations and defined by the 
following proposition: 



Proposition 2.2. Let {hi, /in | be the generic covector ([2.54i and |/ci, fc|\i) be the generic vector ([2.55i . then it 
holds: 



(/ii,...,/in|/ci,...,A;n) 



nc=i ^hc,k, 
det^eg) ' 



(2.92) 



where is the N x N matrix defined in (|2.59|) . Then, the SOV-decomposition of the identity explicitly reads: 



1= deteSf |/ii,...,/iN)(/ii,...,/i 



N I- 



(2.93) 



/il,...,/lM=0 
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Proof. The fact that (/ii, and are simukaneous eigenstates of r with eigenvalues fj, and t^, re- 

spectively, implies that the l.h.s. of (|2.9'2|) is zero unless: 

N N 

Y,hc = Y,^c. (2.94) 

c=l c=l 

Let us assume now that h^^k but that they satisfy the condition ()2.94p . Under these conditions it is easly to understand 
that there exists at least one n S {1, N} such that hn = 1 and kn = and then the l.h.s. of ()2.92p contains the 
product of operators C(^„|t)C(^„ — r/lr) which is zero for the standard 6-vertex annihilation identities. Then, as 
stated in (|2.92p . {hi, /in l^i, ^n) is zero for h^^k; so we are left with the computations for h=k. In order to 
compute them, let us compute the matrix elements: 

Xa = {hi,..., ha = 0, ...,/in| C{(,a\T)\hi, ...,ha = 1,...,/in), (2.95) 

where a G {1,...,N}. Then using the left action of the operator C(r/a|r) we get: 

Xa = D(?a -ri){hi,...,ha = I, ...,hn\hi, ...,ha = l,...,hn), (2.96) 

while using the right action of the operator C(r/a|T) and the orthogonality of right and left pseudo D-eigenstates 
corresponding to different eigenvalues we get: 

Xa = W^rF^ — Cb + ^^fe) ^^^^ _ ^-^(j^^^ ^ ^^i^^ = ...,hn\hi, ...,ha = 0, ...,/in) 

bj=a 

X ^( V^=i) - ^) (2.97) 

and so: 

{hi,..., ha = l,...,h^\hi,...,ha = l,...,hM) ^ ^(th(fe„=0)) yr ^(ei"^-^^^) 
{hi, ha = 0, /in ha = 0, /in) ^(th(/.„=l)) e{d'^ - ^J'^^'Y 

from which the proposition simply follows when we use the identit}]^: 



deteSf = c,^(j;e")-J^) n ^(^^-^1'^^ (2-98) 



2 

a=l l<a<b<N 



and we recall that: 

N 



t^ = -E^t^ + ^^ (2.99) 

a=l ^ 



and that the choice of the normalization N implies: 



(0|0) = ^. (2.100) 



□ 



'See for example Proposition 4 of 11571 for a proof of it. 
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2.3 SOV characterization of 7"*^^^^^ -spectrum 

Let us denote with S^(6vd) the set of the eigenvalue functions t6VD(A) of the transfer matrix 7'^^^'^^(A|r), then the 

following characterization of the T^^^'^^ -spectrum (eigenvalues & eigenstates) in quantum separation of variables 
holds: 

Theorem 2.3. For any fixed H-tuple of inhomogeneities {Ci)---iCn} G C satisfying ()2.64p the spectrum of 
in I5(-QyQ-) |\| simple and S— (6vd) coincides with the set of functions of the form: 

which are solutions of the discrete system of equations: 

t6VD(ef )t6VD(d'^) = A(ef)D(eii)), Va G {1, N}. (2.102) 

I) The right T^^^^^ -eigenstate corresponding to t6VD(A) G S:^(6vd) is characterized by: 

1 N 

|t5VD)= Yl n^t(^^^)d^tQSf l^i'-'^N>, (2.103) 

hi,...,hj^=0 a=l 

up to an overall normalization, where the coefficients are characterized by: 

Qt(d'^)/Qt(ef ) = t6yi.(d°^)/D(d'^)- (2.104) 

II) The left T^^^^^ -eigenstate corresponding to tgvolA) G S— (evo) is characterized by: 



(t5VDl= n<5t(e^^)detegM/ii,->N|, (2.105) 

h\,...,hfi=0 a=l 



up to an overall normalization, where the coefficients are characterized by: 

Qt(ei'VOt(d°^) = t6VD(ef )/A(d°)). (2.106) 

Proof. Let (tgvDl be a T^^^'^^-eigenstate corresponding to the T^^^"^^ -eigenvalue t6VD(A), then the coefficients 
{wave-functions) : 

*i(h) = (tevDl/ii,...,/iN) (2.107) 
of (tevol in the right SOV-basis satisfy the equations: 

t6VD(d'"^)^t(h) = A(C^))^,(T+(h)) + D(d'^"))^,(T-(h)), (2.108) 

for any n G {1, N} and hG {0, 1}'^, where we have denoted: 

T±(h) = (/ii,...,/i„±1,...,/in). (2.109) 

These equations are obtained by computing the matrix elements: 

(t6VD|r^'''''\d'"V)|/il,->N). (2.110) 
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In particular, acting with T^^'^^\^^"'^ \t) on (tevol the l.h.s. of ()2.108p is reproduced while acting on \hi, /in) 
by using the SOV representation of T'^^^'^-' ('^n^"^ the r.h.s. of ()2.108p is reproduced. Moreover, the representation 
(j2.1Ul|) for the T*^^^^^ -eigenvalue functions tevol-^) follows by computing the matrix element: 

(t6VDir^'''''\A|r)|0) (2.111) 
and by using (|2.1U8|) to rewrite the r.h.s. in the desired form. 

Then in the SOV representations the spectral problem for 7"^^^"^^ (A|t) is reduced to a discrete system of 2'^ Baxter- 
like equations (|2.1U8|) in the class of function of the form (|2.1Uip . Taking into account the identities: 

A(ei')) = D(Cf )=0, (2.112) 

this system coincides with a system of homogeneous equations: 



t6VD(d°^) -A(d°^) \( ^t{hi,...,hn = 0,...,hi) 
-D(d'^) t6VD(d'^) / V ^t{h,...,hn = h...,h,) 




(2.113) 



for any n € {1, N} with /im^^n G {0, 1}. The condition tgyol-^) S S— (6vd) is then equivalent to the requirement 
that the determinants of the 2x2 matrices in (|2.113p must be zero for any n € {1, N}, i.e. the equation (12.1021 ). 
On the other hand being: 

A(ei°)) / and D(4«) / 0, (2.114) 
the rank of the matrices in (I2.113P is 1 and then up to an overall normalization the solution is unique: 



^t{hi,...,K = 0,...,hi) 



(0)> 



(2.115) 



for any n € {1, N} with hmjtn G {0, 1}. This implies that given a t6VD('^) G S— (evo) there exist (up to normal- 
ization) one and only one corresponding 7'^^^'^^ -eigenstate (tevD I with coefficients which have the factorized form 
given in (j2.105p - ()2.106p and then the T^^^'^'' -spectrum is simple. The proof for the right eigenstates is given in a 
similar way. □ 

Let us remark that the previous theorem completely characterize the spectrum of the transfer matrix T^^^^\x\t) 
in lO^'^j 1^. However, a reformulation of the SOV characterization of the T*^^^^^ -spectrum by functional equations 
can be important for practical aims. One standard way to accomplish this result is by the construction of a Baxter 
Q-operator whose functional equation reduces to the finite system of Baxter-like equations (|2.108p when computed 
in the eigenvalues of the D-zero operators. This construction is currently under analysis and it can be developed 
along the same lines presented in fTSll for the antiperiodic XXZ spin 1/2 chain for general values of the coupling rj. 
For the elliptic roots of unit case, we can construct the functional equation directly by using cyclic representations 
for the operator r; these interesting issues will be developed in a forthcoming paper. 

2.4 Action of left separate states on right separate states 

As for the others quantum integrable models analyzed by SOV in fTl-fS'l, a special role is played by the left and 
right separate states in the SOV representations. These are states which have factorized coefficients in the SOV 
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representations similar to those of the transfer matrix eigenstates; more in detail we say that a covector (a| G 
^fevD) N ^^'^ ^ vector G ^^(gvD) n separate states if they admit the following SOV-decompositions: 

1 N 

^«i= E n"«(^a'^"^)d^t®5?<^i'-'^Ni, (2.116) 

/il,...,hM=0 a=l 
1 N 

l^)= E n'^-(^^^)detegVi,...,/iN). (2.117) 

h\,...,hfi=0 a=l 

The main interest toward these states is the simple determinant form for the action of left separate states on the right 
ones characterized by the following: 

Proposition 2.3. The left {a\ and the right \f3) separate states satisfy the identities: 

= det||J-5'«|! with (2.118) 



h=0 



Then the matrix elements of the left and right T^^"^^^ -eigenstates corresponding to generic eigenvalues: 

t6VD(A) G S^(6VD), tgvD(A) G S— (6VD), (2.119) 

have the following simple form: 

(tevDlt^v) = Vdet|l7-iy)[|, -Fiy = ^Qt(ei'))Qt(d^))^.-i , (2.120) 

z=o 

where we have used the notation (5t,t' = {0 /or tevol-^) 7^ t6VD('^) ^ ^^(^vd), 1 /ortevoC-^) = t6VD('^) ^ (6vd)}. 
Proof. From the SOV-decomposition, we have: 

1 N 

(a|/3)= J] detG;j)n«'^(^i'"^)/5a(ei'''^), (2-121) 



from this formula by using the multilinearity of the determinant w.r.t. the rows we prove the first identity in the 
proposition. The presence of the delta in (12.1201) simply follows from the identities: 

t6VD(A)(t6VD|t6VD) = (teVD [T^^^^^ (A|r) Itgyo) = t6VD(A)(t6VD|t6VD) (2.122) 

where the l.h.s. is obtained acting on the left state with t'^^'^^\\\t) and the r.h.s. is obtained acting on the right 
state with T^^'^^\\\t). Indeed for t6VD(A) / tgyQ(A) the identity imphes: 

(tevoltUo) = 0. (2.123) 

Finally, for tgvoC-^) = t6VD('^) form of the matrix elements just follow recalling that the eigenstates of the 
transfer matrix are indeed separate states. □ 
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2.5 Decomposition of the identity in left and right separate basis 



The results of the previous section allow us to write the decomposition of the identity in left and right basis of 
separate states. In order to define such basis let us introduce the following natural isomorphism between the sets 
{0,ir and{l,...,2^'}: 

N 

x:h={hi, hn} € {0, 1}N ^ X (h) = 1 + ^ 2(»-i)/i„ € {1, 2^}, (2.124) 

a=l 

and let us denote with (i) e {0, 1} the entry a G {1, N} in the N-tuple (i) associated by k"^ to any 
integer i G {1, 2'^}. Then, under the conditions: 

N 

det||M,y|| ^ 0, Mff ^l[a^^\^i^^'^^^^)yi,j e{l,...,2''}, (2.125) 

^ a=l 

N 

det||M^j)|| ^ 0, M^f ^lll3i^\ci^^'(^^^)^^i,j e{l,...,2% (2.126) 

^ a=l 

the sets of co vectors {aj\ and vector defined by: 

1 N 

(«il= E U''aHd'"'^)det@^^\h^,...,h^\ ViG{l,...,2^}, (2.127) 

?H,...,/iM=0 a=l 
1 N 

1/5^)= E llf^aH6'^^)dete^^^\hu...,hu) Vj€{l,...,2^, (2.128) 

hi,...,hi^=0 a=l 

generate separate basis of B^y^^ ^ and ]5(|vD) N' respectively. Moreover, defined: 



Nh = {k € {0, 1}^ : det ||7-K(h).^»<(k))|| ^ ^2.129) 



then the following decomposition of the identity is imphed on these separate basis: 

-(a>f{h))/33<:(k)) 1 1^ 

he{o,i}M keNi, 

which reads: 



1= E E(det||7-fr''''^^'^ll)"l/5.«)K(.)l, (2.130) 

1.,- rn n N tc\r. V / 



^= E (det|l^i;?ll) '|t6VD)(t6VD|, (2.131) 



t(-^)6S_(6VD) 

for the representations for which the antiperiodic transfer matrix T^^'^^\x\t) is proven to be diagonaUzable. 



3 The 8- vertex model: spectrum and elementary matrix elements 



3.1 QISM formulation of the 8- vertex model 



Let us recall the characterization in terms of QISM of the XYZ spin- 1/2 quantum chain. The 8 -vertex R-matrix 
reads: 

/ a(A) d(A) \ 
b(A) c(A) 
c(A) b(A) 
\ d(A) a(A) J 



(3.1) 
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where: 



9ii\ + v\2u;)e^i\\2u;)eM'^u;) e,i\\2u;)eM'^u;) 
^ ' ^4(A + r?|2a;)e4(0|2w) ' ^ ' ^4(0|2w) ' ^ ^ ^ 

r(\) = ^4(A|2a;)g4(r?|2a;) 0i{\ + l^\2u:)^,{\\2u:)^^{r^\2u) 

^ ' e^mcj) ' ^ ' 04(A + r/|2a;)04(O|2w) ' ^ ' 



is solution of the Yang-Baxter equation: 



<)(A,.)4r (A,)4r (A.) = 4r (A.)<)(A04r (A,.). (3.4) 



Then the monodromy matrix of the spin 1/2 representations is defined by: 



^.(8V), . _ (8V). . (8V). /A(8V)(A) B(8V)(A) . 

Mg (Aj^Kg^i (A-^Nj---^oi (A-^ij=l (-(8V)(^_>^) D(^^)(A) 



with the parameters which are the inhomogeneities. The monodromy matrix Mq^^^(A) is itself solution of the 
Yang-Baxter equation: 

i?Sr (Ai,)Mr (Ai)Mr (A,) = Mr\x,)Mr\x,)Rf^\x^,), (3.6) 
and then the corresponding transfer matrix: 

T(«^)(A) = troMr^(A) (3.7) 

defines a one parameter family of commuting operators; the Hamiltonian of the XYZ spin 1/2 quantum chain is 
obtained in the homogeneous limit by: 



HxYZ = 2 sinh rj ^ 



dX 



-Ncoshr/. (3.8) 

A=0,5„=0 



3.2 Gauge transformation from 8-vertex to dynamical 6- vertex models 

The spectral problem of the 8-vertex transfer matrix t(^^) (A) has been reduced to one of 6-vertex type by the gauge 
transformations introduced by Baxter in [22]. This can be done by modifying the 6-vertex algebra to the dynamical 
one. In detail the following gauge transformation exists: 

R^Oa\^l2)So{Xl\T)Sa{X2\T + Wo) = 5a(A2 |r)5o(Ai |t + 7?(T^)i?£''°^ (Al2 |r), (3.9) 

which for the monodromy matrices reads: 

M('^)(A)5o(A|r)5,(r + Wo) = 5,(r)5o(A|r + r/S)M('^°)(A|r), (3.10) 

where: 

^ai.W ^2(-A + r|2^«) e2{X + r\2w)\ 

^°^""^=l,^3(-A + r|2.) ^3(A + r|2.) ^''''^ 

and: 

5,(t) = 5i(6|r)---5N(eN|r + r? J^O, (3.12) 

a=l 
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then the antiperiodic 6-vertex dynamical monodromy matrix is related to the 8-vertex one by the gauge transforma- 
tion: 

Mj'^)(A)So(A|r)5,(r + r?ag) = 5,(r)5o(A| - T-r?S)M(^^°)(A|T), (3.13) 
this follows by the definition (12.351 ) and the gauge transformation (13.101 ) when we observe that: 

5o(A| - r) = So(-A|r) = So{X\T)a^. (3.14) 

Then we can prove: 

Lemma 3.1. The 8-vertex transfer matrix has the following left action on the states o/B^yp^ ^: 

[S,{t)]-^ t(«^)(A) = C(AIr) [S,{t + i^)]'^ + B(A|r) [5,(r - ^)]-^ , (3.15) 
and the following right action on the states o/B^y^^ |^.' 

t(S^)(A)S,(t) = S,{t - r/)C(Ajr - r?) + S,{t + r?)B(A|T + r,). (3.16) 

Proof Let us prove first the statement concerning the left action on the states of B^^^^ ^ . To prove (13.151 ) it is 
enough to rewrite (13.131 ) as it follows: 

[S,{r)r' ^T\>^) = So(A| - T - 7?S)Mr^)(A|r) [S,{t + r^a^,)]-^ [So(A|t)]-^ , (3.17) 

then taking the trace w.r.t. the auxiliary space we get: 

[S,{t)]-^ T(sv)(^) ^ tro {[5o(AIr)]-i S,{\\ - r - r?S)M(^^^)(A|T) [S,{t + r^a^T^] , (3.18) 

where we have used the commutativity: 

0^''''\x\t),t] = O (3.19) 

and the cyclicity of the trace to move [5*0 (A jr)]^^; acting now on any left state of B(6vd),n> we get our result (13.15b 
being the eigenvalues of r and — r — rjS coinciding on any left state of B(6vd),n- 

To prove (13.161 ) let us first rewrite the gauge transformation (13.101 ) as it follows: 

D(A|t + ?7) -B(Air + 7?) \ g(r + 7?S) ^ 
^ -C(AIr-r?) A(A|r-7?) ) 9{t) 

_C(8V)(A) Am^x) 



So{X + r]\T)Sq{T + T]ao) 



5q(r)So(A + 7?|r + r/S), (3.20) 



by multiply both sides of (13.10b from the right by the inverse of MQ^^'^^(Ai|r), as defined in ()2.27|1 . and from the 
left for the inverse of Mq^^^ (A): 

Mj^^)(A-r?)" 



Mr (A) 



-1 ^0 



to 

V 



A(A)D(A - ^) ' ^^-^^^ 

and finally doing the change of variable A — > A + The gauge transformation (|3.20p can be further rewritten as it 
follows: 

' -C(A|r-r/) A(A|r-r?) \ ^(r + r?S) ^ 
D(A|r + r/) -B(A|r + r?) ) 0(t) 

D(8V)(A) -B(8V)(A) ' 
_C(8V)(A) A(8V)(A) 



5o(A + r/|-r)5,(r-,?ag) 



S,{T)So{X + v\r + 7]S). (3.22) 
Following now the same steps described above for the derivation of (13.151) we get our result (13.16b . □ 
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3.3 Reduction to pure spin quantum space 



The construction of gauge transformations on the 8-vertex monodromy matrix for simplifying the analysis of the 
8-vertex transfer matrix spectrum has naturally leads to the introduction of the dynamical parameter which in this 
article has been formalized by the introduction of the dynamical operator. Here, we show that thanks to Lemma 
13.11 we can in fact remove this dynamical part and reduce the formulae to operators formulae leaving on the pure 
quantum spin space. Let us define: 

N N 

s=-N s=-N 

then, by the definition of scalar product given in Section 12.1.11 the action of and reduces the dynamical-spin 
covector B^^vd-) and vector ©(^yp) ^ spaces, respectively, to the 2'^ -dimensional spin covector Sj^ and vector 
spaces: 

= 1^{^VD),N^^N ' ^n' = ^P'n'J^(6VD),n! (3.24) 

more in detail, on the generic covector and vector of the dynamical-spin basis, the actions read: 

®n=i {n,K\ (th|PN=«'n=i {n,K\, Pn ®n=i \n,K) <S) \th) = 0^=i|n,/i„), (3.25) 

Moreover, let us introduce the pure spin operators [S^ ] ^ G End(§^) and G End(§^) by defining them by the 
following actions: 



N-l 

5l(ei|-fsh)---5N(CN|-|sh + |^<) 

a=l 

N-l 



(3.26) 



Sf®'^^,\n,hn) ^ 5i(6|-|sh)---SN(eN|-|sh + | j;O0l^=i|n,/i„), (3.27) 



a=l 



on the left and right spin basis of the pure spin quantum spaces S|\| , respectively, then we have: 
Lemma 3.2. 

\) On any covector o/lO^^vD) N holds: 



[S,iT)]-'F^ = f^[si] \ (3.28) 



II) On any vector o/U^^vD) N holds: 



i?j5,(r) = P^. (3.29) 



Proof. In both the cases it is enough to consider the action on the generic elements (|2.4ip and (|2.42p of the left and 
right dynamical-spin basis of H^^gvo) ^ and use the orthonormality of these states. □ 

Moreover, the following proposition can be proven: 

Proposition 3.1. 

I) The following identities hold: 

C(A|r)5-i(r + 7?)P^ =C(A|r)P^ [S^]"\ E{\\t)S-\t - r,)f^ = B{\\T)f^ [S^Y\ (3.30) 
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on any covector o/ro^yQ-j ^ and so it also follows: 

[S^]"'t(«v)(A) = r('^°^(A|r)P^ [S^]-\ (3.31) 

II) The following identities hold: 

P?J5,(T - r?)C(A|r - r,) = S^P^C(A|r), P^5,(r + r/)B(A|r + r?) = S^P^e(A|r), (3.32) 
OM <3«3' vector o/B^yQ^ ant/ to it also follows: 

t(sv)(A)sX = SX'7^^'''''^(^I^)- (3-33) 

Proof. To prove the identities in ()3.30|) it is enough to prove it on {hi, /in| S ^(^vd) N' generic element of 
the left SOV-basis. From the identities: 

C(A|r) = C(A|T)T+ = T+C(A|T-r?), (3.34) 

B{\\t) = B(A|r)T; =T;B(A|r + r?), (3.35) 

we can write: 

C(A|r)5-i(r + r?)P^ =C(A|r)5-i(r)T-p^, B{X\t)S;\t - r^)F^ = B{X\T)S;\r)JtF^. (3.36) 
The following identities hold: 

N 

(/ii,...,/iN|C(A|r)5-i(r)T;P^ = (/ii,...,/iN|C(A|r)5-i(th + r/) \t{s) + v) (3.37) 

s=-N 
N 



(/ii,...,/iN|C(A|r)5-i(th + r/) J] |t(s)) (3.38) 



s=-N 



= (/ii,...,/iN|C(A|r)5-^(r)P^ (3.39) 
= (/ii,...,/in|C(A|t)P^ [S^]"\ (3.40) 

where ()3.38p is equal to p.37p being {hi = 1, /in = l|C(A|r) zero while the last equality follows directly by the 
Lemma [3]2] being {hi, /in |C(A|r) G ^f^s/o) n- Similarly, the following identities hold: 

N 

{hl,...,hN\B{X\T)S-Hr)Jt^^ = {hl,...,hN\B{X\T)S;\ti,-l^) ^ m-v) (3.41) 

s=-N 
N 

= (/ii,...,/iN|^(A|r)5-i(/h-??) 5^ |t(s)) (3.42) 

s=-N 

= {hi,...,hN\B{X\r)S-\r)F^ (3.43) 
= {hi,...,hN\B{X\T)F^ [Sf]~' (3.44) 

where ()3.42p is equal to (|3.4ip being {hi = 0, /in = O|0(A|r) zero while the last equality follows directly by the 
Lemma fT2\ being {hi, ht^\B{X\T) G B^y^^ The identities in (|3.30p are so proven while those in (|3.32p are 
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proven similarly. Let us now show the identities (j3.3ip and (j3.33p ; the following set of equalities hold on B£ 



Lemmal3.2] 



5,(r)]-iT(«v)(A)P^ 



£ r^q-l j(8V)^ ^ 

Lemma l3 . 2 

C(A|t) [5,(r + r?)]-i + B(A|t) [S,{t - t?)]" 



Lemma l3.1l 



( 13301) 



and similarly on B^y^^ 



Lemma 



P^T(«^)(A)5, 



S,{t - v)C{X\t P^5g(r + r/)B(A|r + rj) 



Lemma l3.1l 



(1331) 



SfP^r^'^'^(Alr) 



(6VD),N- 

(3.45) 
(3.46) 
(3.47) 



(3.48) 
(3.49) 
(3.50) 

□ 



3.4 8-vertex transfer matrix spectrum 

The previous similarities transformations allows to present the characterization of the spectrum of the 8-vertex trans- 
fer matrix in Sm; in order to do so, let us define the following right and left states in S,,, : 



\hi,...,hN) 

{hi, hfi I 



P^|/ii,...,/in) = {tk\hi,...,hu), 
(/ii,...,/in|Pn = (/ii,...,/iN|ih), 



(3.51) 
(3.52) 



iz/c 

they define right and left basis of (clearly as they are obtained by the reduction on pure spin quantum spaces 



'Tt/C 

of the SOV right and left basis of Bj^gyi-,^ ^)- Then the following theorem holds: 

Theorem 3.1. The operators J^^'^^X) and T^^'^^\x\t) are isospectral; i.e. they have the same eigenvalue func- 

(3.53) 



tions: 



i;^(6VD) , 



t(A) = t8v(A) = t6VD(A) G Sj(8v) 
and the corresponding left and right eigenstates o/T^^^^ (A).' 

(t8v|T(«^)(A) = t(A)(t8v|, T(sv)(A)|t8v) = t(A)|t8v> 
admit the following expression in the pure spin quantum spaces: 

1 N 



(3.54) 



E n det eSf^ii^A 

/ii,...,/iN=0 a=l 



1 N 
/ii,...,/iM=0 a=l 



(3.55) 



(3.56) 



Proof. Let us remark that the definitions (j3.55p and (j3.56p are equivalent to: 

|t8v) = S^P?J|t6VD), (tsvl = (teVDiPN [S 



C re.]- 



(3.57) 
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where: 

(t6VD|r^'''°^(A|r) = t(A)(t6VD|, T^'''''^(A|r)|t6VD) = t(A)|t6VD), (3.58) 

and we have used the SOV representations for the right and left eigenstates of T^^'^^\x\t) in B^^^^ defined in 
Section 1231 Then the theorem is a simple consequence of the identities (j3.3ip and (j3.33p : indeed, it hold: 

T(8V)(A)|t8^) = T(8V)(A)sfP^|t6y^) = sX^^'''''^(Ak)|t6i^i^) = |t8v)t(A), (3.59) 
(t8y|T(sv)(A) = (tevDlP^ [S,^]'' T(sv)(A) = (t6VD|r^'''°^(A|r)P^ [S,^]"' = t(A)(t8y|. (3.60) 

□ 

Let us complete this section remarking that w.r.t. the left and right T^^^) -eigenstates the matrix elements which are 
elementary are those of the operator W= [S^] , which for the previous theorem coincide with: 

(t8v|W|t^v) = (tevoltevo), (3.61) 
that is they coincide with matrix elements of the identity w.r.t. left and right 7"^^^"^^ -eigenstates. 



4 Conclusion 

In this paper we have focused our attention on the highest weight representations of the dynamical 6-vertex Yang- 
Baxter algebra on a generic N-sites spin-1/2 quantum chain and studied the integrable quantum model associated to 
the antiperiodic boundary conditions in the framework of the SOV method. Moreover, we have shown the existence 
of gauge transformations which allow to use this antiperiodic dynamical 6-vertex transfer matrix as a tool to solve the 
spectral problem of the periodic 8- vertex transfer matrix. It is important to underline that in the SOV approach the 
analysis is done without any need to introduce constrains like the number of sites N even and the coupling constant 
rj corresponding to the elliptic roots of unit. For these integrable quantum models, we have derived: 

• The complete SOV description of transfer matrix eigenvalues and eigenstates and the simplicity of the spectrum. 

• Matrix elements of the identity on separate states expressed by one determinant formulae of N x N matrices with 
elements given by sums over the eigenvalues of the quantum separate variables of the product of the coefficients 
of the left/right separate states, which holds in particular for the eigenstates of antiperiodic dynamical 6-vertex 
transfer matrix. 

The results derived in this paper provide the required setup to compute matrix elements on transfer matrix eigenstates 
of local operators for both the models in consideration. The analysis of the following steps: 

• local operator reconstructions in terms of Sklyanin's quantum separate variables, 

• form factors of the local operators on the transfer matrix eigenstates in determinant form, 

will be presented in a paper which is currently under completion in collaboration with Levy-Bencheton and Terras 
III58II . The study of correlation functions done in II159I for the periodic dynamical 6-vertex chain even if developed 
in the framework of the algebraic Bethe ansatz is relevant also for the current analysis. Indeed, the reconstruction 
of local operators of [159] can be adapted to the antiperiodic dynamical 6-vertex chain to get reconstruction of 
local operators in terms of the quantum separate variables. Then the computation of the form factors both for 



25 



the dynamical 6-vertex and 8-vertex proceed in a similar way to that of the standard 6-vertex quantum chain with 
antiperiodic boundary conditions as derived in f3l in the SOV framework. Finally, it is worth mentioning that the 
knowledge of the form factors of local operators represents also an efficient tools for controlled numerical analysis 
of correlation functions. Indeed, the decomposition of the identity ()2.13ip allows to rewrite the correlation functions 
in terms of form factors and then it is a priori possible to apply the same kind of approach developed in 111 6011 in the 
ABA frameworlQ also in our SOV framework to get numerical evaluations of correlation functions. 
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